Recently, there has been a great interest among statisticians and applied researchers in constructing exible distributions for better modeling non-monotone failure rates. We study a lifetime model of the beta generated family, called the beta Nadarajah-Haghighi distribution, which can be used to model survival data. The proposed model includes as special models some important distributions. The hazard rate function is an important quantity characterizing life phenomena.
Introduction
Extending continuous univariate distributions by introducing a few extra shape parameters is an essential method to explore better the skewness and tail weights and other properties of the generated distributions. Following the latest trend, applied statisticians are now able to construct more generalized distributions, which provide better goodnessof-t measures when tted to real data rather than by using the classical distributions.
The exponential distribution is perhaps the most widely applied statistical distribution for problems in reliability and survival analysis. This model was the rst lifetime model for which statistical methods were extensively developed in the lifetime literature. A generalization of the exponential distribution was recently proposed by Nadarajah and Haghighi (NH) [20] . Its cumulative distribution function (cdf ) is given by (1.1) where λ > 0 is the scale parameter and α > 0 is the shape parameter. The probability density function (pdf ) and the hazard rate function (hrf ) corresponding to (1.1) are given by g(x) = α λ(1 + λx) α−1 exp[1 − (1 + λx) α ], (1.2) and h(x) = α λ(1 + λx) α−1 , respectively.
Then, if X follows the NH distribution, we shall denote by X ∼ N H(α, λ). The exponential distribution is a special case of the NH model when α = 1. Nadarajah and Haghighi [20] pointed out that the its hrf can be monotonically increasing for α > 1, monotonically decreasing for α < 1 and, for α = 1, it becomes constant. They also presented some motivations for introducing this distribution.
The rst motivation is based on the relationship between the pdf in (1.2) and its hrf.
The NH density function can be monotonically decreasing and its hrf can be increasing.
The gamma, Weibull and exponentiated exponential (EE) distributions do not allow for an increasing failure function when their corresponding densities are monotonically decreasing. The second motivation is related to the ability of the NH distribution to model data that have their mode xed at zero. The gamma, Weibull and EE distributions are not suitable for situations of this kind. The third motivation is based on the following mathematical relationship: if Y is a Weibull random variable with shape parameter α and scale parameter λ, then the density function in equation (1. 2) is the same as that of the random variable Z = Y − λ − 1 truncated at zero, that is, the NH distribution can be interpreted as a truncated Weibull distribution.
In this paper, we propose a new model called the beta Nadarajah-Haghighi (BNH) distribution, which contains as sub-models the exponential, generalized exponential (GE) [10] , beta exponential (BE) [23] , NH and exponentiated NH (ENH) [13] distributions.
These special cases are given in Table 1 . Besides extending these ve distributions, the advantage of the new model, in addition to the advantages of the NH distribution, lies in the great exibility of its pdf and hrf. Thus, the new model provides a good alternative to many existing life distributions in modeling positive real data sets. As we will show later, the hrf of the BNH distribution can exhibit the classical four forms (increasing, decreasing, unimodal and bathtub-shaped) depending on its shape parameters. We obtain some basic mathematical properties and discuss maximum likelihood estimation of the model parameters.
The paper is outlined as follows. In Section 2, we dene the BNH distribution and provide plots of the density and hazard rate functions. We derive a useful linear representation in Section 3. In Sections 4, 5 and 6, we obtain explicit expressions for the moments, quantile function and moment generating function (mgf ), respectively. Incomplete moments and mean deviations are determined in Sections 7 and 8, respectively.
In Section 9, we present the Rénvy and Shannon entropies. The BNH order statistics are investigated in Section 10. Maximum likelihood estimation and a small simulation study are addressed in Sections 11 and 12. Two empirical applications to real data are illustrated in Section 13. Finally, Section 14 oers some concluding remarks. [4] proposed the beta generalized exponential, beta generalized half-normal and beta Birnbaum-Saunders distributions respectively.
The generalization of the NH distribution is motivated by the work of Eugene et al. [6] . Let G(x) be the baseline cdf depending on a certain parameter vector. In order to have greater exibility in modeling observed data, they dened the beta family by the cdf and pdf
, respectively, where a > 0 and b > 0 are two additional shape parameters, which control skewness through the relative tail weights, Iy(a, b) = By(a, b)/B(a, b) is the incomplete beta function ratio, By(a, b) =
is the beta function and Γ(·)is the gamma function.
Then, the cdf of the BNH distribution is given by
The corresponding density and hazard rate functions to (2.2) are given by
A random variable X following (2.2) is denoted by X ∼ BNH(θ). Simulating the BNH random variable is relatively simple. Let Y be a random variable distributed according to the usual beta distribution given by (2.1) with parameters a and b. Then, using the inverse transformation method, the random variable X can be expressed as
Plots of the density and hazard rate functions for selected parameters a and b, including the special case of the NH distribution, are displayed in Figures 1 and 2 , respectively. Proof:
The results follows by noting that the second derivative of log [ξ(z)] is
(2.6) Proposition 2: For any λ > 0 and b > 0, the BNH distribution has an increasing hrf if α < 1 and a < 1 and it has a decreasing hrf if α > 1 and a > 1. The hrf is constant if α = 1, a = 1 and b = 1.
Proof: The result holds by using the log-convexity of the density function. Figure   2 displays some plots of the hrf for some parameter values. The parameter λ does not change the shape of the hrf since it is a scale parameter. It is evident that the hrf of the proposed distribution can be decreasing, increasing, upside-down bathtub shaped (unimodal) or bathtub-shaped. It is dicult (or even impossible) to determine analytically the parameter spaces corresponding to the upside-down bathtub shaped and bathtubshaped hrfs for the BNH distribution. However, we can observe from Equation (2.4) that unimodal and bathtub-shaped hrfs can only be obtained when α < 1 and α > 1 respectively. So, the new three parameter distribution is quite exible and can be used eectively in analysing real data.
We now explore the asymptotics behaviors of the cumulative, density and hazard functions. First, as x → 0, equations (2.2), (2.3) and (2.4) are given by
Second, the asymptotics of equations (2.2), (2.3) and (2.4) as x → ∞ are given by
Linear representations
In this section, we provide linear representations for the cdf and pdf of X. For |z| < 1 and b > 0 a real non-integer number, the generalized binomial expansion holds
Applying this identity in equation (2.1) gives the linear representation
where Ha(x) = G(x) a denotes the exponentiated-G (exp-G) cumulative distribution and G(x) is obtained from (1.1). By dierentiating the last equation, the BNH pdf can be expressed as a linear representation
wi ha+i(x), 
Moments
Hereafter, let Ya+i ∼ ENH(a+i) denotes the ENH random variable with power parameter a + i. The s-th integer moment of X follows from (3.1) as
where the sth moment of Ya+i can be obtained from
Then, the sth integer moment of X can be expressed as
Quantile function
The quantile function (qf ) of X is given by
is the inverse of the incomplete beta function. The shortcomings of the classical kurtosis measure are well-known. There are many heavy-tailed distributions for which this quantity is innite. So, it becomes uninformative precisely when it needs to be.
Indeed, our motivation to use quantile-based measures stemmed from the non-existence of classical kurtosis for many generalized distributions. The Bowley's skewness is based on quartiles [12] :
, and the Moors' kurtosis [17] is based on octiles:
where Q(·) is obtained from (5.1). Plots of the skewness and kurtosis for some choices of the parameter b as functions of a, and for some choices of a as functions of b, for α = 2.0 and λ = 3.0, are displayed in Figure 3 . Here, q1 = 1 and the other qi's (for i ≥ 2) can be obtained from the recurrence equation 
where λi = qi+1 [a B(a, b)] i/a for i ≥ 0. We use throughout the paper a result of Gradshteyn and Ryzhik [8] for a power series raised to a positive integer k (for k ≥ 1) For the majority of these quantities we can substitute ∞ in the sum by a moderate number as twenty. In fact, several of them can follow by using the hight-hand integral for special W (·) functions, which are usually more simple than if they are based on the left-hand integral.
Moment generating function
Here, we provide a formula for the mgf M (t) = E(e tX ) of X. Thus, M (t) is given by Finally, we obtain
p n,l t n n! (n + l + a) .
An alternative expression for E(X n ) follows as E(X n ) = a ∞ l=0 p n,l (n + l + a) .
Incomplete moments
The nth incomplete moment of X is dened as mr(y) = E(X r |X > y) =
∞ y x r f (x)dx. It can be immediately derived from the moments of Y having the ENH distribution. Thus, from equation (3.1), we can write mr(y) as
An alternative expression for mr(y) takes the form
Mean deviations
The deviations from the mean and the median are usually used as measures of spread in a population. Let µ = E(X) and M be the median of the BNH distribution, respectively.
The mean deviations about the mean and about the median of X can be calculated as
Based on the mean deviations, we can construct Lorenz and Bonferroni curves, which are important in several areas such as economics, reliability, demography and actuary.
For a given probability π, the Bonferroni and Lorenz curves are dened by B(π) = m1(q)/(π µ) and L(π) = m1(q)/µ, respectively, where q = F −1 (π) = Q(π) can be obtained from (2.5).
Rényi entropy and Shannon entropy
An entropy is a measure of variation or uncertainty of a random variable X. Two popular entropy measures are the Rényi [25] and Shannon [27] entropies. The Rényi entropy of a random variable with pdf f (x) is dened as 
First, we dene and compute
Using the binomial expansion, we have
Proposition:
Let X be a random variable with pdf (2.3). Then,
The simplest formula for the Shannon entropy of X is given by
After some algebraic developments, we obtain an alternative expression for IR(γ)
Order statistics
Let X1, . . . , Xn be a random sample of size n from BNH(a, b, α, λ). Then, the pdf and cdf of the ith order statistic, say Xi:n, are given by Therefore, the sth moment of Xi:n follows as
Estimation
Here, we determine the maximum likelihood estimates (MLEs) of the model parameters of the new family from complete samples only. Let x1, . . . , xn be observed values from the BNH distribution with parameters a, b, α and λ. Let Θ = (a, b, α, λ) be the parameter vector. The total log-likelihood function for Θ is given by
Numerical maximization of (11.1) can be performed by using the RS method [26] , which is available in the gamlss package of the R, SAS (Proc NLMixed) or the Ox program, sub-routine MaxBFGS [5] or by solving the nonlinear likelihood equations obtained by dierentiating (11.1).
The components of the score function Un(Θ) = (∂ n/∂a, ∂ n/∂b, ∂ n/∂α, ∂ n/∂λ) are
Setting these equations to zero, Ua = U b = Uα = U λ = 0, and solving them simultaneously yields the MLE Θ of Θ.
For interval estimation on the model parameters, we require the observed information matrix whose elements Urs = ∂ 2 /∂r∂s (for r, s = a, b, α, λ) can be obtained from the authors upon request. Under standard regularity conditions that are fullled for the proposed model whenever the parameters are in the interior of the parameter space, we can approximate the distribution of ( Θ − Θ) by the multivariate normal Nr+3(0, J(Θ) −1 ) distribution, where r is the number of parameters of the baseline distribution.
We can compute the maximum values of the unrestricted and restricted log-likelihoods to construct likelihood ratio (LR) statistics for testing some sub-models of the BNH distribution. For example, we may use LR statistics to check if the t using the BNH distribution is statistically superior to the ts using the ENH, NH, E, GE, BE distributions for a given data set. In any case, considering the partition Θ = (Θ T 1 , Θ T 2 ) T , tests of hypotheses of the type H0 : Θ1 = Θ q distribution. Often with lifetime data and reliability studies, one encounters censoring. A very simple random censoring mechanism very often realistic is one in which each individual i is assumed to have a lifetime Xi and a censoring time Ci, where Xi and Ci are independent random variables. Suppose that the data consist of n independent observations xi = min(Xi, Ci) and δi = I(Xi ≤ Ci) is such that δi = 1 if Xi is a time to event and δi = 0 if it is right censored for i = 1, . . . , n. The censored likelihood L(Θ) for the model parameters is (11.2) where S(x; a, b, α, λ) = 1 − F (x; a, b, α, λ) is the survival function obtained from (2.2) and f (x; a, b, α, λ) is given by (2.3) . We maximize the log-likelihood (11.2) in the same way as described before.
Applications
In this section, we present two applications of the new distribution for two real data sets to illustrate its potentiality. We compared the ts of the BNH distribution with some of its special cases and other models such as beta Weibull (BW) [7] , exponetiated Weibull (EW) [18] , Weibull (W), generalized exponential (GE) [10] and exponetial (E) distributions given by:
First, we consider an uncensored data set corresponding to the remission times (in months) of a random sample of 128 bladder cancer patients reported in Lee and Wang [15] . The second data set represents the survival times of 121 patients with breast cancer obtained from a large hospital in a period from 1929 to 1938 [14] . The required numerical evaluations are carried out using the AdequacyModel package of the R software. Table   2 provides some descriptive measures for the two data sets. The MLEs of the model parameters for the tted distributions and the Cramér-von Mises (W * ) and Arderson-Darling (A * ) statistics are given in Table 3 . These test statistics are described in [3] . They are used to verify which distribution ts better to the data. In general, the smaller the values of W * and A * , the better the t.
We note that the BNH model ts the rst data set better than the others models according to these statistics A * and W * . On the other hand, the second data set is better tted by the BNH and Weibull distributions according to these statistics. Therefore, for both data sets, the BNH distribution can be chosen as the best distribution.
Plots of the estimated pdf and cdf of the BNH, ENH, NH and GE models tted are given in Figure 4 . The QQ-Plots are presented in Figure 5 . 
